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AN INEQUALITY FOR BASIC CONFLUENT
HYPERGEOMETRIC SERIES
RUIMING ZHANG
Abstrat. In this very short note we will derive an inequality for a lass of
entire funtions inluding all the onuent basi hypergeometri series and an
inequality for a lass of meromorphi funtions inluding theta funtions.
1. Introdution
In the studies of Planherel-Rotah type asymptotis of q-orthogonal polynomials
suh as Ismail-Masson {hn(x|q)}
∞
n=0, Stieltjes-Wigert {Sn(x; q)}
∞
n=0 and q-Laguerre{
L
(α)
n (x; q)
}∞
n=0
[4, 9, 10℄, the Ramanujan funtion Aq(z), whih is also alled q-Airy
funtion in the literature, plays a very important role. It is alled q-Airy fun-
tion beause it appears repeatedly in the Planherel-Rotah type asymptotis of q-
orthogonal polynomials, just like lassial Airy funtion in the lassial Planherel-
Rotah asymptotis of lassial orthogonal polynomials[5, 12℄. In [14℄, we have
investigated ertain properties of the Ramanujan funtion Aq(z). It turns out that,
the polynomials like Ismail-Masson {hn(x|q)}
∞
n=0, Stieltjes-Wigert {Sn(x; q)}
∞
n=0,
q-Laguerre
{
L
(α)
n (x; q)
}∞
n=0
and the Ramanujan funtion Aq(z), they are all in a
partiular lass of entire funtions inluding all the onuent basi hypergeometri
series. In this short note will show that this lass of entire funtions satisfy an in-
equality similar to the inequality for the Ramanujan funtion Aq(z) in [14℄. Finally,
we will state an inequality for a lass of meromorphi funtions inluding Θ(z|q)
dened as in [9, 10℄. Θ(z|q) also appears in the main terms of the Planherel-Rotah
type asymptotis when a saling parameter is irrational.
As in papers[9, 10, 14℄, we will follow the usual notations from q-series [1, 2, 5℄
(1) (a; q)0 := 1 (a; q)n :=
n∏
k=0
(1− aqk),
[
n
k
]
q
:=
(q; q)n
(q; q)k(q; q)n−k
.
Moreover, we shall use the multishifted fatorials [1, 2, 5℄
(2) (a1, a2, . . . , ak; q)n :=
k∏
j=1
(aj ; q)n.
Thoughout this paper, we shall always assume that 0 < q < 1, hene n = ∞ is
allowed in the above denitions.
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A onuent basi hypergeometri series is formally dened as [1, 2, 5℄
(3) rφs
(
a1, . . . , ar
b1, . . . , bs
q, z
)
=
∞∑
k=0
(a1, . . . , ar; q)k
(b1, . . . , bs; q)k
zk
(
−q(k−1)/2
)k(s+1−r)
with s+ 1− r > 0 .
We will use a simple summation formula
(4)
1
(z; q)∞
=
∞∑
k=0
zk
(q; q)k
,
whih is a speial ase of the q-binomial theorem [1, 2, 5℄,
(5)
(az; q)∞
(z; q)∞
=
∞∑
k=0
(a; q)k
(q; q)k
zk.
The Ramanujan funtion Aq(z) is dened as[5℄
(6) Aq(z) :=
∞∑
k=0
qk
2
(q; q)k
(−z)k.
In [14℄ we proved that
(7) |Aq(z)| ≤
(
|z|√
q
)1/2
exp
{
− log
2|z|
4 log q
}
(q; q)∞
for any nonzero omplex number z and
(8) |Aq(z)| ≤ e
q|z|/(1−q)
for any omplex number z.
The theta funtion Θ(z|q) is dened as
(9) Θ(z|q) =
∞∑
k=−∞
qk
2
zk,
for 0 < q < 1 and all nonzero omplex number z.
2. The Inequality
Let
(10) f(z) =
∞∑
k=0
(a1, . . . , ar; q)kq
lk2
(b1, . . . , bs, q; q)k
zk,
with the parameters satisfying
(11) 0 ≤ b1, ..., bs < 1 l > 0.
It is lear that the funtion
(12) rφs
(
a1, . . . , ar
b1, . . . , bs
q,−zq(s+1−r)/2
)
is of the form (10) with
(13) l =
s+ 1− r
2
.
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Assume
(14) c := c(a1, ..., ar; b1, ..., bs; q) =
(−|a1|, ...,−|ar|; q)∞
(b1, ..., bs; q)∞
,
then,
(15) |f(z)| ≤ c
∞∑
k=0
qlk
2
|z|k
(q; q)k
.
We rewrite (15) as
(16) c
∞∑
k=0
qkl(ql(k−1)|z|)k
(q; q)k
.
For k = 0, 1, ..., the terms
(17)
(
ql(k−1)|z|
)k
are bounded by
(18)
4
√
|z|2q−l exp
(
−
log2 |z|
4l log q
)
,
thus,
(19) |f(z)| ≤ c 4
√
|z|2q−l exp
(
−
log2 |z|
4l log q
) ∞∑
k=0
qkl
(q; q)k
,
or
(20) |f(z)| ≤
c
(ql; q)∞
4
√
|z|2q−l exp
(
−
log2 |z|
4l log q
)
.
Theorem 2.1. Assume that the entire funtion f(z) is dened as in (10) and (11),
then,
(21) |f(z)| ≤
(−|a1|, ...,−|ar|; q)∞
(b1, ..., bs, ql; q)∞
{
4
√
|z|2q−l exp
(
−
log2 |z|
4l log q
)}
for any nonzero omplex number z. In partiular, for
(22) 0 ≤ b1, ..., bs < 1, 0 < s+ 1− r,
we have ∣∣∣∣rφs
(
a1, . . . , ar
b1, . . . , bs
q, z
)∣∣∣∣ ≤ (−|a1|, ...,−|ar|; q)∞(b1, ..., bs, q(s+1−r)/2; q)∞(23)
×
{
4
√
|z|2q3(r−s−1)/2 exp
(
log2
[
|z|q(r−s−1)/2
]
2(r − s− 1) log q
)}
for any nonzero omplex number.
The same proof ould be employed to show the following results.
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Theorem 2.2. Let f(z) be a meromorphi funtion with the following Laurent
expansion
(24) f(z) =
∞∑
k=−∞
ak(z − a)
k
on the whole omplex plane exept at z = a. If there exist two positive numbers
α > 0 and 0 < q < 1 suh that
(25) c =
∞∑
k=−∞
|ak|q
−|k|α+1 <∞,
then
(26) |f(z)| ≤ c exp {β [|log |z − a||]γ} ,
for z 6= a, where
(27) β =
α
(α+ 1)1+1/α log1/α q−1
,
and
(28) γ =
α+ 1
α
.
In the partiular, the theta funtion Θ(z|q) has an upper bound
(29) |Θ(z|q)| ≤ c exp
(
|log |z||2
log q−1
)1/α
for any 0 < α < 1, where
(30) c =
∞∑
k=−∞
qk
2−|k|1+α .
Proof. Clearly, we have
(31) |f(z)| ≤
∞∑
k=−∞
|ak|q
−|k|α+1
(
q|k|
α+1
|z − a|k
)
.
For k ∈ Z and z 6= a, then, all the terms
(32) q|k|
α+1
|z − a|k
are bounded by
(33) exp
α [|log |z − a||]1+1/α
(α+ 1)1+1/α log1/α q−1
,
and the inequality (26) follows. 
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